Constraints on ultraviolet-stable fixed points in supersymmetric gauge theories 
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I. INTRODUCTION 

Our understanding of the high-energy behavior of 
gauge couplings in supersymmetric (SUSY) theories de- 
pends crucially on the matter content of the model. If the 
number of chiral superfields is sufficiently small, the one- 
loop beta function for gauge couplings is negative, and 
the ultraviolet (UV) theory is formally governed by a free 
fixed point in which the renormalizable gauge couplings 
are driven to zero. 

In constrast, it is usually assumed that supersymmetric 
gauge theories with positive one-loop (3 functions have 
a Landau pole in the UV. The scale of the Landau 
pole may represent the energy above which new physics 
must enter in the form of e.g. extra dimensions, string 
interactions, or quantum gravity. Above that scale, 
either the running of the gauge coupling is modified so 
that it remains finite, or else the gauge coupling has no 
simple meaning within the new framework in the far UV. 
In either case, it is quite difficult to understand in detail 
how to match the model to a more fundamental theory. 
There are many otherwise-attractive extensions of the 
minimal supersymmetric standard models (MSSM) 0] 
that seem to fit into this category. For example, the 
one-loop beta functions are large and positive in many 
supersymmetric grand unified theories (GUTs) and in 
string-inspired models with large numbers of vectorlike 
representations . 

In this paper, we will consider another possibility, the 
idea that a renormalizable supersymmetric gauge theory 
may have a non-trivial UV-stable fixed point associated 
with a theory with exact or approximate superconformal 



invariance. In this scenario, the UV theory approaches 
a critical point in which (at least some) supersymmetric 
gauge and Yukawa couplings are nearly stationary, and 
soft supersymmetry-breaking couplings have a power- 
law running with scale. The criticality may be only 
approximate, if some couplings are small. What differen- 
tiates this from the situation in the previous paragraph 
is that the theory can remain near the critical point for 
a significant range of energy scales up to the Planck 
scale (or another scale of fundamental physics such as 
a compactification scale or string scale). 

If a UV fixed point can indeed be realized, it has 
interesting and unique implications. For example, we will 
show below that gaugino masses necessarily scale to zero 
by a power law in the UV. This enables large hierarchies 
in soft masses to be generated from renormalization 
group (RG) running. These hierarchies could be used to 
suppress flavor-violating interactions in supersymmetry. 
Another intriguing feature of the UV fixed point idea 
is that it could be related to the apparent need for 
semi-perturbative unification in string theory [^|^]. In 
string theory with weak coupling, the dilaton potential 
has no stable vacuum. Strongly-coupled string theories 
naively have the same problem since they are dual 
to weakly-coupled theories. Perhaps an intermediate- 
strength coupling of a settled and non-trivial (g ^ 0) UV 
fixed point could be part of the solution to this problem. 

However, it is not clear whether renormalizable super- 
symmetric models with UV-stable fixed points actually 
exist in four dimensions. As we will show, there are some 
hints from finite-order calculations that weakly suggest 
such UV-stable fixed points can occur. However, there 
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are also strong constraints that follow from the general 
properties of superconformal theories, from the fact that 
scaling dimensions of gauge-invariant operators cannot 
be less than 1, from the positivity of central charges, and 
from the irreversibility of renormalization group RG flows 
as embodied in Cardy's conjecture generalizing to 4 
dimensions the Zamolodchikov c-theorem in 2 dimensions 
H . We will examine these restrictions, and show that 
there are some simple models that can satisfy all known 
constraints including Cardy's conjecture. 



II. THE NSVZ (3 FUNCTION, ANOMALOUS 
DIMENSIONS, AND fl-CHARGES AT 
SUPERCONFORMAL FIXED POINTS 



We begin by discussing some general properties that 
must be satisfied by fixed points in a supersymmetric 
gauge theory. The existence of a fixed point should 
be independent of the renormalization scheme used. 
However, it is most convenient to use the NSVZ scheme, 
since there is an exact relation between beta functions 
and the anomalous dimensions and i?-charges of chiral 
superfields. In our notation, the NSVZ gauge coupling (3 
function is given by 
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where Cq is the Dynkin index of the adjoint representa- 
tion, the sum ^ r is over the irreducible representations 
of the chiral superfields with chiral superfield anomalous 
dimensions j r , and I r is the Dynkin index of the repre- 
sentation r. The normalizations are such that Cq = N c 
and I r = 1 for each fundamental plus anti-fundamental 
representation of SU(N C ). The (3 function has a pole at 
very strong coupling: <?p ole = 8tt 2 /Cq, but we assume 
that this plays no role and any fixed points occur at 
weaker coupling < g po \ c . The numerator of (3(g) must 
therefore vanish at a fixed point g — g* corresponding to 
a scale-invariant theory. 

Although there is no proof for four dimensions, one 
expects the equivalence of scale invariant theories and 
conformal theories [||. The conformal symmetries are 
necessarily unified with supersymmetry transformations 
to form the superconformal algebra. This implies strin- 
gent constraints, since the superconformal symmetry 
includes a non- anomalous U(l) i?-symmetry and an 
invariance under scaling. The i?-charge and superconfor- 
mal scaling dimension D for any gauge-invariant chiral 
superfield must be related by Q| 

D = 3R/2 . (2) 

Since the scaling dimension for any composite chiral 
superfield is the sum of 1 + 7 r for its constituents, it 
follows that 



at a superconformal fixed point g = g*- This establishes 
a connection between the conditions for the vanishing 
of the NSVZ (3 function and the cancellation of the R- 
symmetry anomaly. In particular, since the i?-charge 
of the chiral fermion in the representation labelled by 
r is Rr — 1, and that of the gaugino is 1, the anomaly 
cancellation requirement 
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is equivalent to the vanishing of the numerator in eq. (Q) . 
In some theories, where either symmetries or the presence 
of a superpotential are sufficient to fix the i?-charges 
uniquely, this allows an exact non-perturbative determi- 
nation of the anomalous dimensions at the fixed point. 
More generally, it gives one linear relation between the 
anomalous dimensions, if the assignment of i?-charges is 
not uniquely determined. Therefore, eq. (|^) is essentially 
tautological (provided that the appropriate i?-symmetry 
can be uniquely determined) rather than a non-trivial 
constraint in superconformal theories. 

If (3(g*) = and (3(g) < for < g < g*, 
then can be an IR-stable fixed point. For exam- 
ple, in supersymmetric QCD with N c colors and Nf 
flavors of quark and antiquark superfields, it has been 
argued HH that there is an IR-stable fixed point for 
3iV c /2 < N f < 3N C . The i?-charges of the quark and 
antiquark superfields are both equal to Rq — Rq = 
1 — N c /Nf corresponding to an anomalous dimension (in 
our normalization) 7q(<7*) = 7q(#*) = (1 — 3N c /Nf)/2. 
While the existence of the IR-stable fixed points in the 
theories is conjectured, the relations can be checked 
in perturbation theory when 3iV c — Nf is very small, 
as in the case of non-supersymmetric QCD |ic|] . A 
conjectured dual description can be used to check the 
relations when Nf — 3N c /2 is small and positive. This 
lends credence to the picture of a pair of interacting 
superconformal theories having the same physics in the 
IR. Other examples include deformations of N = 2 and 
finite N = 1 theories, which generally can have IR-stable 
fixed lines . 

If instead /?(<?*) = and (3(g) > for the range 
< g < 5*, then g* is a UV-stable fixed point. This 
is the case of interest in this paper. Note that this 
implies d(3/dg < at the fixed point, a fact that will be 
important in the following. It also requires that Y] r I r > 
3Cq so that the leading-order (3 function is positive. 
The question then becomes whether theories that satisfy 
this can be found with anomalous dimensions and R- 
charges satisfying eqs. (||) and (||). Before addressing the 
specific constraints on this scenario, it is convenient to 
first consider what we can say about the RG running 
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of soft supersymmetry-breaking parameters in a realistic 
version of such a model. 



III. EVOLUTION OF SOFT 
SUPERSYMMETRY-BREAKING PARAMETERS 
NEAR A UV-STABLE FIXED POINT 



In this section, we assume for the moment that the 
exact f3 functions of the theory do admit a UV-stable 
fixed point. In a realistic model, the superconformal 
invariance will not be exact. Let us assume that SUSY 
breaking is communicated, for example by supergravity 
mediation, to the MSSM sector at a high scale Qo within 
the regime of the fixed point. In general, the soft 
supersymmctry breaking mass parameters will undergo 
power-law RG evolution, so that in the limit Q <C Qa, 



m so{t (Q) ~ {Qo/QY 



(5) 



where k is a critical exponent for the particular soft mass, 
and Q is the RG scale. If k > 0, then the corresponding 
soft term grows as we move towards the IR within the 
fixed point region. In general, we would like to investigate 
the properties of the critical scaling for soft terms in 
realistic models. 

For simplicity, we begin with the case of a model with 
a simple gauge group and superpotential couplings suf- 
ficiently small that they can be neglected. Remarkably, 
the exact gaugino mass beta function is related Jl2| to the 
exact gauge coupling beta function in the NSVZ scheme 
by the simple expression 



/3 M = 2Mg 2 -^{(3/g). 



(6) 



At a UV-stable fixed point, (3 = and d(3/dg < must 
hold. It follows that 



-rr = I3 M = -kM, 
at 



where t = InQ and 



-d/3/dg 



(7) 
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is a positive constant in the fixed point regime, defined as 
g for which \df3/dg\ » \(3/g\- Note that k is independent 
of the choice of renormalization scheme. 

The scale dependence of the gaugino mass is 

M(Q) = (Qo/QTMo. (9) 

Thus M runs according to a power law in the fixed 
point region. If Qq is the boundary condition scale 
where supersymmetry breaking is transmitted, then it 



is possible to have Mq at this high scale be very small, 
yet induce large M at lower scales Q due to the power 
law running in the fixed point region. The gravitino 
mass, on the other hand, is presumably correlated with 
the boundary condition gaugino mass, m 3 / 2 ~ Mq. 
Therefore, the physical gaugino can be significantly more 
massive than the gravitino. The ratio of the masses is 
estimated as 



M/m m ~ {Q /QlT , 



(10) 



where Ql is the lowest scale of the UV fixed point regime. 

The above results can be generalized to mo re compli- 
cated models. As we will see in section VIII , it is quite 
possible that the existence of a UV-stable fixed point 
requires the presence of superpotential couplings. If the 
ultimate gauge group is not simple, then it is possible 
that several gauge couplings will be significant at the 
fixed point. Therefore, let us consider the more general 
possibility of a fixed point with several distinct non-zero 
gauge couplings gA and non-zero holomorphic Yukawa 
couplings Yijk- The superpotential is 



W = - V' A •!•<!> ,>i> 



(11) 



Now consider the RG running of deviations from the fixed 
point: g A = g A *+5 A ; Y ijk 
Sijk- One obtains: 
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where 
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Here we have used a notation in which [3 Al {3 % 3 k and 
[3ijk denote the (3 functions of g A , Y l; > k , and Yijk respec- 
tively. Following common practice, complex conjugation 
of couplings is denoted by raising and lowering indices, 
e.g. Y ljk = (Y^ k )*. By definition, at a UV-stable 
fixed point, all eigenvalues of C must have non- negative 
real parts. For a realistic model, we assume that the 
superconformal invariance is only approximate, and in 
particular is violated by soft gaugino masses M A and by 
trilinear scalar couplings: 



ijk 



b k + c.c. 



(14) 



The running of the soft gaugino masses M A and the 
trilinear couplings a l i k is then given exactly in terms of 
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the NSVZ [3 functions of the supersymmetric parameters 

by H 



C 



d_ ( g A M A \ 
dt \ a ijk J 
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where 



, -d(3 A /dg B 2d(3 A /dY l ™ 
' dl3^ k /dg B -2d/3 ilk /dY lmn ' ' 



Here we have dropped terms which vanish at the fixed 
point |j] The solution to this equation will have the form 

(^^Ewr^ (17) 



where genvalues of K corresponding to eigenvec- 

tors 



(18) 



In general the eigenvalues of C do not correspond to 
eigenvalues of K. However, the traces of the matrices 
C and K do have the same real part. Therefore, at 
least one of the eigenvalues K n must have a positive 
real part, since the sum of the eigenvalues of a matrix 
is equal to its trace. This proves that the running of 
the gaugino masses and the trilinear scalar couplings is 
again governed in the limit Q <C Qo by a negative critical 
exponent, corresponding to the eigenvector of K with the 
eigenvalue with the largest real part. This again implies 
power-law growth of all soft terms as one moves towards 
the IR within the fixed-point region. 

The behavior of soft scalar squared mass RG evolution 
is more difficult to ascertain. We can still obtain some 
insight, however, by considering the form of the RG equa- 
tions near the fixed point. We will begin by considering 
this in the case of a general model with arbitrary gauge 
and Yukawa couplings, and then specialize to the simpler 
case where Yukawa couplings vanish (or can be safely 
neglected) at the fixed point. Even in the case of a general 
model, the IR values of the subset of soft squared masses 
of scalars which do not have large Yukawa couplings at 
the UV-stable fixed point will depend only on their gauge 
quantum numbers, providing a possible solution to the 
supersymmetric flavor problem in the MSSM. 

The scalar squared mass terms are 



t Actually, eq. (|l(j) need not be valid for k with vanishing 
Y z -' k . However, the corresponding a?-* have homogeneous 
RG equations, and do not contribute to the RG equations for 
gaugino masses, so they decouple from this discussion. 



(19) 



The RG equations for (m 2 )? contain inhomogeneous 
terms quadratic in gaugino masses and a y terms, and 
homogeneous terms. Therefore, we can write 



dt 



(m 2 ) 



2 ^'-£(Qo/Q) 



K. n -\-K, 



[r n , m ]{-L$(m 2 ) l k . (20) 



The fixed-point quantities [r njTn ]^ and Lj^ can be given 
exactly in terms of first and second derivatives of the 
chiral superfield anomalous dimension matrix with 
respect to the couplings g A , Y y& and Y^, using the 
results of Q . 

The general solution to eq. (|2TJ) takes the form 



(m 2 )i=j2(Qo/Qr n+K " m [x n , m ]i 

+£(Qo/q) An [x N ]i 



V 



(21) 



where An and [Yjv]^ are eigenvalues and eigenvectors of 



the matrix IA, , in the sense 



Lf[X N ]{ = X N [X N ]l 



(22) 



and [Y„ jTn ]^ are other constants fixed by the boundary 
conditions. 

As one possible solution to the supersymmetric flavor 
problem, suppose that a subset of the scalar fields 
including the squarks and sleptons of the MSSM do 
not have large Yukawa couplings participating in the 
fixed point. The contributions to the RG eq. (^0|) for 
the corresponding scalar squared masses are then clearly 
flavor- independent. In the idealized limit of a long 
running near the fixed point, Q <C Qoj one can write 
solutions in terms of k (the largest of the Re[ft n ]) and A 
(the largest of the Re[Ajv]). For the flavor diagonal scalar 
squared masses they will be of the form: 



m 2 (Q) = x l M 2 (Q Q /Q) 2K 

+(Uirnl - XiM Q ) (Qo/QY 



(23) 



Here Xj, and j/j are constants related to the eigenvectors 
of the matrices K, [T n . m }{ and L 3 U , while M and 
TOq denote the overall scale of the boundary conditions 
for holomorphic and non-holomorphic supcrsymmetry 
breaking terms, respectively, at the scale Qq. 

By inspection of eq. (p3|), there are two ways to have 
positive and flavor-conserving soft scalar squared masses 
in the infrared: 



2k > A and x,Ml > 0, or 
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• A > 2k and y^m 2 , — XiM > 0. 

Since the relevant quantities depend on the second 
derivatives of anomalous dimensions at the fixed point, 
we do not see any reliable way to estimate them, or even 
determine their signs, far from the realm of perturbation 
theory, in a completely general theory. However, we do 
know that at least one Re[« n ] is positive near a UV-stable 
fixed point. 

If we further specialize to the case that there is only 
one large gauge coupling and no large Yukawa couplings 
at all at the fixed point, then the anomalous dimension 
matrix and derivatives of it are simultaneously diagonal, 
and one has from [Fuf the exact formula: 



rjk = g 3 /87T 2 d 7t C{k) 
Ja (1 - 5 2 C G /8^ 2 ) 8g d G 



(24) 



where cLq is the dimension of the adjoint representation. 
It follows that all of the Ajv vanish except for a single 
eigenvalue, which can be evaluated as 

A = -d/3/dg = k. (25) 

This implies that the first of the above two scenarios 
is the appropriate one, with the soft terms at low scale 
being dominated by the gaugino mass contributions 
which overwhelm any flavor-violating non-holomorphic 
contributions. One also finds for the coefficient of 
(Qo/Q) 2k in the first term in eq. ( pp|) the exact result 

d 2 % / 3-g 2 C G /8ir 2 \ dji 
1 dg* + \l-g*C G /^) dg_ 



d{, (26) 



where Mq is the gaugino mass at Q$. In order to have 
a positive mf resulting in the IR from the fixed-point 
running, it is necessary that the quantity in brackets 
in eq. (|2^) is negative for the corresponding scalar field 
labelled by i. However, with present methods we do not 
know how to evaluate the sign of this quantity even in the 
simplest models, because it involves the second derivative 
of the anomalous dimension. 

Returning to the more general case with several rele- 
vant gauge groups and/or Yukawa couplings, the critical 
behavior may well still be dominated by gaugino contri- 
butions. In practice, several eigenvalues n n may have real 
parts that are close together, so that the contributions 
from several eigenvectors need to be included. Also, there 
may be unknown non-perturbative corrections due to 
naively non-renormalizable terms in the Kahlcr potential 
which become relevant at the fixed point. In order to 
solve the supersymmetric flavor problem, however, a 
sufficient condition is merely that a critical exponent 
related to gaugino masses dominates the evolution of 
scalar squared masses near the fixed point for a large 
enough range of scales. Because the running is power-law 
rather than logarithmic, subdominant flavor- violating 
contributions can be overwhelmed. 



IV. CONSTRAINT FROM THE CONFORMAL 
DIMENSION OF THE GAUGINO BILINEAR 



In any theory with conformal invariance (supersym- 
metric or not), unitarity requires that the scaling dimen- 
sion of any gauge-invariant scalar operator cf> must satisfy 



A > 1, 



(27) 



with equality for a free field (T^|. This gives strong 
contraints on possible fixed points. Before asking how 
this impacts on the possibility of a UV-stable fixed point 
in supersymmetry, we should note a slight subtlety. If <f> 
is the scalar component of a chiral superfield $, then it is 
not always true that the ordinary scaling dimension 
is equal to the superconformal scaling dimension of the 
superfield, -0$. For example, they will differ if $ appears 
in the superpotential, as can be checked in the case of 
perturbative fixed points deformed by Yukawa couplings 
in the IR superconformal window of SUSY QCD. 
participates in the essentially tautological rule of eq. (||) , 
whereas satisfies the non-trivial rule of eq. J27| ). 

Typically, eq. (|27]) will not yield a constraint for 
operators <f> built out of chiral fermions and scalars at 
a UV-stable fixed point, since the anomalous dimensions 
are positive. However, in the case of a simple gauge group 
with no superpotential, the anomalous dimension of the 
gaugino bilinear field AA is given by 



7a a = Pm/M = -ft, 



(28) 



where the last equality only holds in the vicinity of 
the fixed point and follows from the previous section. 
Therefore the scaling dimension of the field is 



A A a = 3 - 



(29) 



Enforcing the constraint eq. ( |27| ) , one finds 

K < 2 . (30) 

Thus there is a constraint on the slope of the (3 function at 
the fixed point, corresponding also to a restriction on the 
critical exponent for the gaugino mass. [In the case of an 
IR-stable fixed point, k < 0, so eq. (|3C]) is automatically 
satisfied.] More generally, the same argument implies 
that all eigenvalues of the matrix K of eq. satisfy 



Re[K„] < 2. 



(31) 



Note that AA is also the lowest component of the chiral 
superfield whose i^-term is the gauge field strength. The 
superconformal dimension D of that chiral superfield is 
3, and its i?-charge is 2, as its F component appears 
in the Lagrangian. This is consistent since, as we 
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noted above, the ordinary conformal dimension A of the 
composite scalar field AA can be and in fact is distinct 
from the superconformal scaling dimension D of the 
chiral superfield to which it belongs. 

We emphasize that in a realistic theory, the super- 
conformal symmetry is actually broken by soft gaugino 
masses and small Yukawa and gauge couplings, but this 
breaking does not mean that the constraint eq. ( |30| ) does 
not apply. We can always imagine taking the realistic 
model and simply turning off the small superconformal- 
breaking effects; the constraint on the slope of the gauge- 
coupling (3 function then applies to the supersymmetric 
couplings in that theory, and hence at least approxi- 
mately to the realistic model. 
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FIG. 1. The NSVZ gauge coupling f3 function of the 
example SU(5) minimal missing partner model at 1, 2, 3, 
and 4 loop orders. 



V. HINTS FROM PERTURB ATIVE 
CALCULATIONS 

It is difficult to make a definitive statement about the 
existence of a UV fixed point even in SUSY theories, since 
this would require knowledge of the (3 function at all loop 
orders in theories for which the one-loop contribution is 
positive. However, it is still worthwhile to examine the 
perturbative expansions of (3 functions in theories which 
could have a UV-stable fixed point, as far as they are 
known. For simplicity, let us first consider a SUSY gauge 
theory with vanishing superpotential and a simple gauge 
group G. One can expand the gauge coupling [3 function 
as 



dg 
dt 



= /3 = s£& w 

n=i 



167T 2 



(32) 



The coefficients are scheme-dependent for n > 3, and 
are known |l5| in the dimensional reduction (DRED) [If] 
and Novikov-Shifman-Vainshtein-Zakharov (NSVZ) [17] 
schemes to four-loop order. In the NSVZ scheme fig] : 



5(2) 



So — 3C G ; (33) 
ASi + 2C G So - 6C G ; (34) 
6< 3 ) = 4C G S Q + 20C G Si - 12C G - 8S 2 - 4S , Si; (35) 
= 32S 3 + 48(C(3) - l)Sf - (8 + 48C(3))C G S Si 
+8C G S + 76C G Si - 4QC G S 2 



-24C G 



8S()S 2 — 4:SqS\, 



(36) 



where S n = J2 r ^C? anc ^ the sum ^ s over an cmr al 
superfield irreducible representations r. The normaliza- 
tions are such that in SU(N C ) with Nf flavors of quark 
and anti-quarks, 



C G = iV c ; 
S n = N f 



2N r 



(37) 
(38) 



In the DRED scheme, 6 (1) and & (2) are the same, but 

-(3) 



&DRED = WC G S Q - 21C G + 26C G S! 

—8^2 — 6SqSi — C G (So) 2 ; 
^dred = 32S 3 + 48(C(3) - l)^ 2 - 102C G 
+54C G 5 + 188C G S! - 80C G S 2 

184 64 
-(-3- + ^8C(3))C G S S 1 + —S S 2 

14 o o 4 o 2 , 



(39) 



(40) 



From eqs. (|33|)-(p6[) we see that if So > 3C G , then the 
one and two loop contributions to the (3 function are 
positive. However, M 3 ) and b^ can easily be negative, 
giving hope that the gauge coupling will reach a fixed 
point with (3 = 0. In fact, this is quite often the case at 
both three- and four-loop order in both schemes. 

As a potentially realistic example, consider the mini- 
mal missing partner SU(5) model flql , with 3 x (5 + 10), 
5 + 5, 24, 50 + 50 and 75 representations. The NSVZ j3 
functions at 1, 2, 3 and 4 loop orders are shown in fig. [|. 
We see that including the three- and four-loop terms, 
the (3 function turns over and goes through zero. Note 
that the terms in the (3 function are not just alternating 
in sign; both three- and four-loop contributions are 
negative. The three- and four-loop UV fixed points are 
quickly reached in RG running above the grand unified 
theory (GUT) scale Qgut, so it is likely that the true 
UV fixed point will be reached (if it exists) significantly 
below the Planck scale. 

Note that the negative slope of the f3 function k = 
—d[3/dg obtained within the three- and four- loop ap- 
proximations is too large to satisfy the bound eq. (|3C|). 
Presumably, if this fixed point is indeed a feature of the 
full (3 function, the approach to the fixed point must be 
appropriately smoothed. 

The DRED scheme (3 functions yield qualitatively 
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similar results, although the locations of the fixed points 
are of course different. Also, we find that this behavior is 
quite generic in other GUT models with large represen- 
tations, including those based on 50(10). The same sort 
of thing happens as well in models with several gauge 
group factors and either large representations or large 
numbers of fundamental representations. For example, 
in supersymmetric QCD with Nf flavors of quarks and 
antiquarks, it is not hard to show that the four-loop 
gauge (3 function always has a zero for Nf > 3N C . The 
result for three-loop beta functions depends on the choice 
of NSVZ scheme or DRED scheme; in both cases a zero 
of the (3 function requires that the number of flavors Nf 
exceeds a critical value which can be obtained by solving 
a quadratic equation. In the NSVZ scheme, the critical 
value for Nf is approximately 5N C , while in the DRED 
scheme it is close to 4N C . 

It would be interesting (but of course hardly conclu- 
sive) to see whether this behavior continues at higher loop 
orders. Unfortunately, the calculation of (3 functions at 
five or more loops seems to be beyond present technology. 
The so-called "exact" (3 functions of SUSY Yang-Mills 
theories actually rely on knowledge of the anomalous 
dimensions of chiral superfields, which are only available 
to three-loop order except in special cases. In any 
case, no finite order calculation of the (3 function could 
prove that a UV fixed point exists. Indeed, in the 
examples discussed here, the perturbative expansion of 
the (3 function shows no signs of convergence in either 
the NSVZ or DRED schemes; the 1, 2, 3, and 4 loop 
contributions are all numerically of roughly the same 
order near the four-loop fixed point. However, the results 
above illustrate that it is possible for the full (3 function to 
rise as g does and then at some large value of g to fall and 
cross zero, thereby implying a UV fixed point. Note that 
this does not involve any finetuning of parameters, but 
rather an assumption regarding the qualitative behavior 
of the full (3(g). The crucial question is simply whether 
the exact (3 function behaves qualitatively like the 1 and 
2 loop approximations in fig. [l], or like the 3 and 4 loop 
approximations.^ We know of no existing argument or 
calculation that definitively answers this question. 



"'There is also a logical possibility that (3(g) remains non- 
zero for all g, but is small enough that g does not diverge at 
any finite energy scale. This would correspond to a UV fixed 
point at infinite coupling. However, this seems unlikely in 
four-dimensional SUSY models because it would require the 
denominator of the NSVZ (3 function to be conspiratorially 
cancelled. 



VI. THE LARGE-INDEX LIMIT 

The results of the previous section suggest that we 
should probe the viability of UV-stable fixed points in 
the large- Nf limit, or more generally in the limit of large 
Dynkin index for the chiral superfields, where some all- 
orders results are now known. Bubble-sum calculations 
have been used to find the anomalous dimensions and 
gauge coupling (3 functions for SUSY QCD with a large 
number of flavors N f in both the DRED and NSVZ 
schemes, to all orders in the loop expansion and to next- 
to-leading order in 1/Nf |l^]. These results can be 
written as a large-index limit in a general theory, in which 
only terms in M") with n — 1 factors of Si are kept for 
n > 2. This calculation has a finite range of convergence 
< g 2 < 24ir 2 /So |19| . In this section, we examine 
whether these results can say anything about UV-stable 
fixed points. 

The results of can be written in terms of a rescaled|| 
coupling: 



K = S Q g 2 /l^ 2 



and a special function 



G(x) 



T(2 - 2x) 



(T(l - x)) 2 T(2 ~ x)T(l + x)' 



(41) 



(42) 



Then, in a theory without Yukawa couplings, the anoma- 
lous dimension of each chiral superfield is [|19| 



7r 



-2C r KG(K)/S 



(43) 



to the leading order in the large-index expansion. It 
follows that the NSVZ beta function is 



aNSVZ 



gK 



\-ZC G /S + l{S 1 /g$)KG(,K) 
1 - 2(C G /S )K 



(44) 



The DRED beta function is given by a more complicated 
expression MM: 



K 

1 - 3C G /S Q + 2(C G /S a ) I G(x)dx 

o 



K 



+4(5i/5 ) / (I - 2x)G(x)dx 
Jo 



(45) 



These results are exact to all-orders in K, and to next- 
to-leading order in an expansion in \/S n . The interval 



§Note that our g 2 is equal to the g 2 /Nf of Ref. |l9| , our K 
is the same, and our So assumes the role of Nf. 
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of convergence for the infinite sum of bubble graphs is 
< K < 3/2, corresponding to a range over which G(x) 
is finite. 

In order to have a UV-stable fixed point, it is necessary 
to choose So > 3Cq and to find a zero of the beta 
function. In the NSVZ case, this amounts to solving the 
equation 



KG(K) = -8$/4Si 



(46) 



where we consistently drop contributions higher order in 
Cg/Sq- This equation always has a solution for some K 
between 1 and 3/2, since G{x) is continuous and positive 
for < x < 1 and G(l) = and G(3/2) = -oo. This 
makes it appear that the large-index limit of the theory 
always has a UV-stable fixed point! However, it can also 
be shown without much difficulty that p BKEB cannot 
have such a zero. 

This apparent discrepancy between the two schemes is 
due to the fact that the putative UV-stable fixed point 
occurs in a regime in which the next-next-leading order 
corrections (of order C g /Sq, etc.) are not negligible. 
Even though the sum to all orders in K is convergent, it 
is not trustworthy in the relevant region. Furthermore, 
in specific models one typically finds that the terms at 
3 and 4 loop order which are the most negative do not 
show up at all in the large index (large Nf) expansion. 
Therefore, we must conclude that this expansion can 
make no unambiguous statement about the possibility 
of UV stable fixed points. 



VII. UV STABLE FIXED POINTS CANNOT 
OCCUR WITH PERTURB ATIVE COUPLINGS 



In the case of IR-stable fixed points, one can often 
tune the number of chiral fields to obtain arbitrarily small 
critical couplings, so that the existence of the fixed point 
can be reasonably established in some neighborhood 
within the space of models p0[ . This is unfortunately 
not possible for UV-stable fixed points in supersym- 
metric theories. First consider the case in which there 
is no superpotential. In general, the existence of a 
perturbative fixed point requires that the one- and two- 
loop contributions in eq. (|32] ) have opposite signs and 
\b<U\ < |6< a >|, so that 



fJZ 



16tt 2 



-&w/& (2) « I. 



(47) 



However, in supersymmetric theories the two-loop 
g 5 /(16n 2 ) 2 coefficient in the beta function is strictly 
larger than the one-loop g 3 /16n 2 coefficient; M 2 ) = 
&W +4S*i. Therefore, if one tunes the one-loop coefficient 
to be either zero or small and positive, the two-loop 



contribution will necessarily be large and positive, since 
there is no way to tune Si to be small. This means that 
eq. ( [47| ) cannot be satisfied. Furthermore, it means that 
the location of a possible UV-stable fixed point cannot be 
made perturbative by balancing a large negative 3-loop 
contribution against controllably small one- and two-loop 
contributions. 

It might seem that this argument could be evaded 
by introducing Yukawa couplings in a superpotential. 
Since Yukawa couplings enter at two loops into the gauge 
coupling (3 function, this naively appears to allow the 
possibility of tuning both one- and two-loop to be small. 
However, the (5 functions for those Yukawa couplings 
also must vanish at the fixed point. We can prove quite 
generally that this cannot happen with UV stability, as 
follows. 

Consider a general superpotential of the form given in 
eq. (|Tl|). The /3 function for the summed squares of all 
Yukawa couplings is 



dt 



(Y ijk Y m ) = 6%Y« fc 7 * 



(48) 



where 7^ is the anomalous dimension matrix, and the in- 
dices i, j, fc, . . . run over all chiral supermultiplet degrees 
of freedom. At one loop order, one has 



1C 2 (i)fe 



1 



A 



(49) 



where the sum is over simple and U{\) gauge groups, 
and CU(fc) is the quadratic Casimir invariant of the chiral 
superfield carrying the index Requiring that the /3 
functions of the gauge couplings g A vanish, and rewriting 
eq. ( f48| ) as a sum over the irreducible representations of 
chiral superfields, chosen so as to diagonalize the matrix 
7; 1 ' )p at the fixed point, one obtains to leading order: 



d_ 

dt 



12 



hV]>>|7«| 2 



(50) 



where d A is the dimension of the adjoint representation 
of the subgroup labelled by A, and the J2r * s over 
the irreducible representations of the chiral superfields 
with representation dimension d r . At a fixed point, 
eq. (|5C| ) must vanish. This requires that some b^' < 
in order for a cancellation to occur on the right-hand 
side. So a perturbatively-reliable fixed point is only 
possible if a gauge-coupling j3 function is significantly 
negative near weak coupling, implying an ultraviolet free 
theory or an unstable fixed point in the UV. We therefore 
conclude that stable UV fixed points cannot occur with 
perturbative couplings. 
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VIII. CONSTRAINTS FROM POSITIVITY OF 
CENTRAL CHARGES 



In this section we consider constraints following from 
the positivity of coefficients in the stress-energy trace 
anomaly In an external supergravity background with 
sources for conserved flavor currents, the trace anomaly 
contains terms proportional to the square of the dual of 
the Riemann curvature, the square of the Weyl tensor, 
and the square of the flavor symmetry field strength. At a 
superconformal fixed point, the central charge coefficients 
for these terms can be shown to be respectively pG] : 



a = ^ {2d G + Tr[(l - - 3(1 - Ri) 2 )}) (51) 

c = ^ (4d G + Tr[(l - Ri)(5 - 9(1 - R,) 2 )}) (52) 
6 = 3Tr[(l-i?,)^ 2 ]- (53) 



Here the sums are over all chiral superfields with R- 
charges associated with the superconformal algebra Ri, 
flavor symmetry charges Fi, and da is the dimension 
of the adjoint representation of the gauge group. At a 
non-interacting (free) fixed point, all of the Ri should 
be replaced by 2/3, and at an interacting fixed point 
they are constrained by the fact that the superconformal 
scaling dimension is D = 3R/2 for gauge- invariant chiral 
superfields. 

At a superconformal fixed point, each of the coefficients 
a, b, and c must be positive |2l] , ^o| . In addition, 
Cardy's conjecture Q implies that the generalization 
of Zamolodchikov's c-theorem in 2 dimensions should 
be that the coefficient a is larger in the UV than in 
the IR. This expresses the fact that a is a suitably- 
weighted measure of the number of degrees of freedom, 
which are irreversibly integrated out in the Wilsonian 
approach. In our case, the UV fixed is supposed to 
be interacting, and the IR fixed point is free. The 
constraints am > 0, &ir, > and cir > are therefore 
automatically satisfied. There are, however, non-trivial 
constraints following from &uv > and cuv > 0, and, 
assuming Cardy's conjecture is true, Aa = auv — a m > 0. 
The last condition is equivalent to 



Aa 



1 

9G 



Tr[(3i?, - 2) 2 (3i?j - 5)] > 0. 



(54) 



Note that the left side of this inequality has the opposite 
sign from that used in Ref . |2(| , since the correspondence 
between (UV, IR) and (free, interacting) fixed points has 
been switched. 

In order to satisfy eq. j54|), clearly at least one chiral 
superfield should have i?-charge greater than 5/3. This 
constraint, if it should really be imposed, is quite strong 
and would readily rule out UV-stable fixed points in 



many models. For example, consider SUSYQCD with 
Nf > 3N C flavors. In that case, anomaly cancellation 
requires that Rq = Rq = 1 — N c /Nf. It follows that 
a, 6, and c are each positive. However, since Rq is not 
as large as 5/3, eq. ( f54| ) cannot be satisfied. Thus the 
rigorous exclusion or establishment of the existence of a 
UV-stable fixed point in this model would be a non-trivial 
test of Cardy's conjecture. 

Let us assume that Cardy's conjecture is true, and 
explore under what circumstances a more complicated 
theory could satisfy it at a UV-stable fixed point. Even 
if a theory can be arranged to have a non-anomalous R- 
symmetry with one or more chiral superfields with Ri > 
5/3, the rigorous constraint &uv > is then quite strong. 
For example, suppose that the theory includes chiral 
superfields $i and $2 with the same gauge quantum 
numbers and i2i,JZa > 5/3. Then there is a non- 
anomalous U(l) flavor symmetry under which $1 and 
$2 have charges F% — 1 and F2 = — 1 respectively and all 
other chiral superfields are neutral. This clearly implies 
the inconsistency 6uv < for this flavor symmetry. 

The simplest model that apparently can satisfy all 
constraints including eq. (j|J) is supersymmetric QCD 
with gauge group SU(N C ), Nf flavors of quarks and 
antiquarks Q + Q in the fundamental + anti- fundamental 
representations, an adjoint A, and a singlet S. The 
anomaly cancellation condition for the i?-charges is 



R Q~ R Q- 1 - Jf f R A 



(55) 



Eq. ( |54| ) can only be satisfied if Ra > 5/3. Now, if 
there were no superpotential, then there would be an 
anomaly-free U(1)f symmetry under which (Q,Q,A) 
have charges (1, 1, — Nf/N c ). The corresponding flavor 
symmetry central charge constraint &uv > would 
amount to 

2^/(1 - Rq) + (1 - ~ Ra) > 0, (56) 

^ c 

and this cannot be made consistent with eqs. ( |54| ) and 
([55|). However, if we introduce a superpotential of the 
form 



W = SQQ + S 3 , 



(57) 



then U(1)f is removed and there is no 6yv constraint. 
The superpotential eq. ([37]) also fixes the i?-charges to 
have the unique values 



R.s — Rq — Rq — 2/3 ; 
N f 



Ra = 



3N C 



(58) 
(59) 



Therefore one must have Nf > 5N C in order to have a 
UV-stable fixed point consistent with Cardy's conjecture. 
Writing Nf /N c = 5 + p with positive p, one finds 
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Aa = (iV c 2 - 1 



m 



>0; 



(60) 



CUV 



5 +P T/Ar2 



96 



[(iV c 2 -l)(2+p + /) + 87V c 2 ] >0, (61) 



so all constraints are satisfied. The scaling dimensions 
of all gauge-invariant chiral superfields are at least 1 
in this model. For example, the i?-charges of gauge 
invariant chiral superfields are Rqq = 4/3, R§ = 2/3, 
Rjp = 2Nf/3N c , leading to scaling dimensions 2, 1, and 
Nf/N c > 5 respectively. 

A similar model consists of SU(N C ) with Nf flavors of 
quarks and antiquarks Q, Q and two adjoints A\ and A2. 
The superpotential at the putative fixed point is taken 
to be of the form 



W = A 1 QQ + A{ 



This fixes the anomaly-free i?-charges to be 
Rai = Rq = Rq — 2/3; 
Ra 2 



Nj + N c 



3Nr. 



(62) 

(63) 
(64) 



All of the constraints are satisfied for Nf > AN C in this 
model. 

As these examples illustrate, it is non-trivial to satisfy 
both Aa > and &uv > at a UV-stable fixed point. 
One must generally be attracted to a superpotential 
that eliminates dangerous flavor symmetries that could 
otherwise enter into the 6uv > constraint, while 
allowing or enforcing Ri > 5/3. Evidently, the RG flow 
into the UV will either not approach a fixed point, or will 
be attracted towards a special superpotential with the 
right properties. The superpotential that the theory is 
attracted towards in the UV may bear little resemblance 
to the IR superpotential. 

Many more complicated examples can be constructed. 
For example, returning to the minimal missing partner 
ST/ (5) model examined in section |v|, one finds that 
Aa > and &uv > f° r a ll flavor symmetries cannot 
simultaneously be achieved unless a superpotential is 
introduced. One way to proceed is to choose a super- 
potential that involves every chiral superfield except the 
adjoint, which then obtains an i?-charge greater than 5/3. 
In models with many higher-dimensional representations, 
it is often possible to find a superpotential which is a 
candidate for attraction to a UV-stable fixed point. 

It should be emphasized that Cardy's constraint Aa > 
remains as a conjecture rather than a rigorously proved 
theorem. There are now a large number of examples 
P, p2"|pC| ] in which it is satisfied, and no other candidate 
for the 4-dimensional version of the c-theorem in 2 
dimensions appears to acceptable. However, the known 
examples in which it has been checked are all free theories 



in the UV, and it is a possibility that it could be violated 
in theories with UV-stable fixed points. Therefore it 
remains an open question whether the constraint Aa > 
should necessarily be imposed. It seems an important 
challenge to see whether this can be made rigorous. 



IX. CONCLUDING REMARKS 

We have investigated the hypothesis that a non- 
asymptotically free supersymmetric field theory flows 
to a fixed point in the ultraviolet. At one- and two- 
loop order, the gauge (3 functions do not hint at this 
possibility, but fixed point indications do appear at 
three- and four-loop level. Although no perturbative 
calculation can prove the existence of a UV fixed point, 
the qualitative indications of higher-order calculations 
have inspired us to look more carefully at the possibility. 

Starting with the fixed point assumption, the many 
exact results |2^,|24| of supersymmetric field theories 
enable us to investigate the consistency and implications 
of the claim. The most important rigorous consistency 
check is the requirement that all gauge-invariant and 
Lorentz invariant operators must have scaling dimension 
greater than or equal to 1. This places a constraint on 
the slope of the gauge beta function, and ultimately on 
the strength of the power-law running for soft super- 
symmetry breaking parameters. The other important 
constraints arise from the positivity of trace anomaly 
coefficients, including the Cardy conjecture. These 
constraints, if indeed they are rigorously required, rule 
out some otherwise-consistent proposals for UV fixed 
point theories (e.g., simple SUSY QCD with N f > 3ZV C ); 
however, they do not rule out the existence of UV 
fixed point theories in general, as we demonstrated by 
exhibiting viable examples. 

The most important implication of a fixed point theory 
is the power-law running of the soft supersymmetry 
breaking masses. Going up in energy, the soft masses 
power-law run to small values in the UV fixed point 
region. For some applications, it is more convenient 
to think in the other direction. Namely, extremely 
small supersymmetry breaking parameters in the far UV 
power-law run to large (weak scale) values in the IR. 
This flow could generate a large hierarchy between the 
original supersymmetry breaking masses and the weak 
scale. If the flow is dominated by gaugino masses, the 
scalar masses will be flavor-blind due to the running 
near the superconformal UV-stable fixed point, yielding a 
solution to the supersymmetric flavor problem. (In some 
sense, this is an opposite scenario to that of | p5[ , which 
invokes an infrared-stable fixed point to solve the SUSY 
flavor problem.) 

We note that near the fixed point, non-renormalizablc 
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operators may become relevant due to large anomalous 
dimensions. For superpotential operators, this seems 
unlikely since the anomalous dimensions are typically 
positive. However, we have no such control over Kahler 
potential terms. Therefore, a true solution to the super- 
symmetric flavor problem requires the (not unreasonable, 
we believe) assumption that these are still subdominant 
compared to contributions from power-law running of 
flavor-blind gaugino masses. 

Such a large hierarchy may also have implications 
for the gravitino problem p6[ , since the ultimate 
supersymmctry-brcaking order parameter F could ac- 
tually be much smaller than the power-law-enhanccd 
masses of the MSSM superpartners. Also, if the grav- 
itino is light enough, superpartners could decay into it 
promptly, leading to collider signatures characteristic of 
gauge mediation |27j| : e.g. hard photons plus missing 
energy, or hard leptons plus missing energy. Because 
of the constraint on the anomalous dimension of gaugino 
masses discussed in section IV, this would require that 
the theory remains near the UV-stable fixed point over 
a range of RG scales corresponding to At significantly 
larger than ln(M GUT /Afpianck)- 

It may be difficult to uniquely identify a superpartner 
mass spectrum as arising from an ultraviolet fixed point. 
The SU(5) GUT missing partner model example that we 
briefly considered in the text might look qualitatively like 
any other theory with unified gaugino masses. However, 
it is also quite possible that the power-law running in the 
UV at very high scales would generate a different scalar 
superpartner spectrum than the ones from gauge medi- 
ation or the usual assumptions of minimal supergravity, 
and the ideas could in principle be resolved. To do this 
in detail would require an improved understanding of the 
non-perturbative running of soft scalar masses near the 
fixed point. 
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